We deal with Lagrangians which are not the standard scalar ones. We present a short review of tensor Lagrangians, which generate massless free fields and the Dirac field, as well as vector and pseudovector Lagrangians for the electric and magnetic fields of Maxwell's equations with sources. We introduce and analyse Lagrangians which are equivalent to the Hamilton-Jacobi equation and recast them to relativistic equations.
Introduction
Maxwell's equations are a peculiar case for which there does not exist a scalar Lagrangian generating the equations of the electric and magnetic fields. There exist scalar Lagrangians generating equations for the electromagnetic potentials. Maxwell's equations played a very important role in the development of theoretical physics. They played a crucial role in the development of special relativity as they were Lorentz invariant. They even encompass the one photon quantum equation [1] , [2] , [3] , [4] . One would expect to see the Planck constant in a quantum equation, but we have observed that the Planck constant cancels out in massless free field (homogeneous) equations [1] , [5] ; that explains its absence in Maxwell's equations.
Maxwell's equations have large amount of important symmetries. Most of them were described in the book of Fushchych and Nikitin [6] . We have also developed methods for finding symmetries of Maxwell's equations [7] , but now we realize that they were a drop in the infinite sea of symmetries.
The Lagrangian formulation of the interaction of charged particles with the electromagnetic potentials was crucial in the development of classical and quantum electrodynamics. The Lagrangian formalism is extremely important in theoretical physics, yet it is not uniquely defined and not always applicable. Our aim is to bring forward new approaches and new perspectives. In the present paper we deal with Lagrangians which are not the standard scalar Lagrangians.
Tensor Lagrangians were derived in the past for all massless free fields and the Dirac field [8] .Vector Lagrangians were constructed for the electric and magnetic fields of the Maxwell equations with currents [9] , [10] . These Lagrangians gave rise to a large number of conserved currents. As these Lagrangians are not well known, a short review is given in Sec. 2.
In Sec. 3 Lagrangians equivalent to the Hamilton-Jacobi equation (HJE) will be presented. In addition to our previous work [11] , the relativistic dynamics will be exposed in more details. Similarly to the HJE's, these Lagrangians generate all possible trajectories. The merit of this approach is that it generates equations for the first integrals of the HJE namely the conjugate momenta and energy, thus it can be thought as a shortcut to the HJE. The main difference between standard classical mechanics [12] and our approach is that in the standard classical mechanics the coordinates and momenta are functions of time only. In our approach the momenta are functions of the coordinates and the coordinates are functions of time. Thus the coordinate-dependent momenta can be considered as the fields of classical mechanics.
Summary and conclusions will be given in Sec. 4.
Tensor Lagrangians
In this section a short review of tensor Lagrangians for free fields and vector Lagrangians for Maxwell equations with sources will be given. Repeated indices will induce the summation convention.
Tensor Lagrangians for free massless fields and for the Dirac field
Morgan and Joseph [8] considered the Pauli-Fiertz equation [13] , [14] for a massless free field of spin s, represented by a completely symmetric spinor ϕ A1...A2s with 2s indices
where ∂ AḂ is the derivative operator in spinor form. 
2.2 Vector and pseudovector Lagrangians for the electromagnetic field with sources
For the full set of Maxwell's equations
where F µν is the electromagnetic field tensor andF µν its dual, Sudbery [9] found the following 4-vector Lagrangian
Fushchych, Krivskiy and Simulik [10] found an infinite number of Lagrangians which generate Eqs.(4). Using their notation
Eqs.(4) become
They consider the tensor T µρσ and pseudotensor T ′ µρσ with respect to the total Poincaré groupP (1, 3)
where a, b, a ′ , b ′ are constant coefficients and ǫ µνρσ is a completely antisymmetric unit tensor, ǫ 0123 = 1. They proved that for any ab = 0 = a ′ b ′ each of the set of equations
is equivalent to the Maxwell equations Eqs.(4). They considered the following Lagrangian:
They proved that Maxwell equations are generated from the Lagrangian Eqs. (12) if and only if the following conditions on the coefficients are
3 Lagrangians equivalent to the Hamilton-Jacobi equation
We will start with nonrelativistic dynamics and consider n-dimensional Lagrangians
Hamilton's principle of least action
where S is the action, leads to the Euler-Lagrange equations
or to the Hamilton's equations
where H is the Hamiltonian and p i the momenta. The solutions are trajectories x i (t). Let us adopt another approach. Let us change Eq. (15) to
and go to the Hamiltonian formalism replacing L with a Lagrangian L HJ which we will show later on, will generate the HJE.
From Eq. (18) and Eq.(19) we obtain
from which the HJE immediately results
The Euler-Lagrange equations for the Lagrangian L HJ of Eq.(19) are
Later on we will also use the relations
and
in order to find a non-linear equation for the momenta.
The general case
Using Eq.19) and Eq.(24) we have dH(x, p(x, t), t) =ẋ i dp i + p i dẋ i − dL HJ =ẋ i dp i − ∂L
from which we deduce that
but
and Hamilton-like equations are obtained
Noting thatṗ
and substituting the expression forẋ i in Eq.(27) we obtain a non-linear equation for the momenta
Let us look for first integrals of Eq.(29). Let us consider dH(x, p(x, t), t) =ẋ i dp i + ∂H ∂x
and divide Eq.(30) by dt, we obtain
The case of time independent Hamiltonian
If the Hamiltonian is time independent, the solutions of the HJE have the form
where E and C are constants. The HJE (Eq.(21)) becomes
i.e. the momenta are functions of the coordinates only, describing all possible trajectories with the same total energy E. The Hamiltonian, using Eq.(31) becomes a constant of motion
From Eq.(228b) we have
Indeed, using Eq.(30), Eq.(35) and Eq.(33) we have dH dx k =ẋ i dp i dx k − dp k dx iẋ i =ẋ i dp i dx k − dp
Hence we can deduce that the Hamiltonian is the constant of motion for all trajectories H(x, p(x)) = E.
The non linear equation for the momenta Eq.(29) becomes now
From equations Eq.(38), Eq.(35) and Eq.(37) one can find all the trajectories p i (x) having the same energy E.
Example 1
Let us consider, as a special case the Hamiltonian in one dimension
We can start from Eq.(37), but for better illustration we use Eq. (29), which becomes p m dp dx
Eq.(40) can be recast into
hence H is a constant in x and may depend only on time
Moreover if H does not depend explicitly on time
and the total energy is conserved (of course we could have started from this point using Eq.(37))
The momentum as a (double valued) field is given by
Usually the sign ambiguity can be resolved using physical considerations. The trajectories may be obtained from Eq.(27), which in our case iṡ
and by integrating
The action can be evaluated from Eq. (21) and Eq. (32) S(x, t, ;
Relativistic dynamics of one particle
We will show that Eq.(20), although derived from nonrelativistic mechanics, can be considered as a relativistic one if the momenta and energy (the Hamiltonian) belong to the same 4-vector. If we consider Eq.(20) as a relation between two Lorentz scalars, then the relativistic Lagrangian can be defined as (using the metric (+,-,-,-))
where τ is the proper time. The action to be minimized is
i.e. the same as in the nonrelativistic case, provided p i (x) and H(x, p(x))/c are components of the same 4-vector. Therefore all equations previously derived in this section can be used for relativistic dynamics with the Lagrangian
The equations are not covariant but relativistically invariant.
Relativistic charged particle in a static electromagnetic field
Barut [[15] ] has shown that a proper Hamiltonian for this case (which is the energy) is
where ϕ(x) and A i (x) are the scalar and vector electromagnetic potentials respectively. In order to find all the trajectories of the momenta with a constant energy E one has to solve Eq.(38) and Eq.(37).
Example 2, free particle with mass m
The (time independent) Hamiltonian H is
Using Eq.(37) we find that the trajectories with constant energy E satisfy
From Eq.(36) we have
and from Eq.(55) one can deduce that
i.e. all the trajectories are straight lines with the constraint given by Eq.(54). In order to find a particular trajectory one has to give initial conditions and solve the Hamilton equation (Eq.(27))
and use the constraint as given by Eq.(54).
3.3.3 Example 3, relativistic charged particle in a static electric field
(57) and
combining the two equations we find
The absolute value of the momentum can be found from Eq.(58), namely
The components of the momentum can be found by solving Eq.(59) with initial conditions. An exact solution for an arbitrary potential can be given if it depends on one coordinate only, for instance
In this case from Eq.(59) we find
and from Eq.(60)
.
Summary and conclusions
In the present paper we have dealt with Lagrangians which are not the standard scalar Lagrangians. It is well known that the Maxwell equations for the electric and magnetic fields can not be derived from a scalar Lagrangian. Only the equations for the vector potentials can be derived from a scalar one. We gave a short review of tensor Lagrangians applied for free fields and the Dirac field [8] , and vector and pseudovector Lagrangians generating the Maxwell' equations [9] , [10] . In the cited papers the symmetries of the Lagrangians were used to derive new and even an infinite amount of conserved currents.
In Sec. 3 Lagrangians equivalent to the Hamilton-Jacobi equation (HJE) were presented in addition to our previous work [11] , emphasizing the relativistic dynamics. Similarly to the HJE's, these Lagrangians generate all possible trajectories. We have shown that a Lagrangian of the form as given in Eq.(19), generates the HJE. We have found the equations of the momentum field, they are given in Eq.(29).The advantage of this approach is that it generates equations for the first integrals of the HJE namely the conjugate momenta and energy, without solving the HJE. The case of time independent Hamiltonian is dealt in subsection 3.2. We have shown that the solutions (Eq.(34) and Eq.(36)) satisfy dH(x,p(x)) dt = dH(x,p(x)) dx k = 0, and the energy E is the constant of motion for all trajectories of the family H(x, p(x)) = E, which is the first integral of the momentum field equations Eq.(29) for time independent Hamiltonians. The main difference between standard classical mechanics [12] and our approach is that in the standard classical mechanics the coordinates and momenta are functions of time only. In our approach the momenta are functions of the coordinates for all possible trajectories.
In subsection 3.3 we have dealt with relativistic dynamics and we have shown that the non-relativistic formalism can be used provided the momenta and (the equall to energy) Hamiltonian belong to the same 4-vector.
